Permutation polynomials over $\mathbb{F}_{q^2}$ from rational functions by Bartoli, Daniele et al.
ar
X
iv
:1
80
2.
05
26
0v
1 
 [m
ath
.C
O]
  1
4 F
eb
 20
18
PERMUTATION POLYNOMIALS OVER Fq2 FROM RATIONAL FUNCTIONS
DANIELE BARTOLI, ARIANE M. MASUDA, AND LUCIANE QUOOS
Abstract. Let µq+1 denote the set of (q + 1)-th roots of unity in Fq2 . We construct permutation
polynomials over Fq2 by using rational functions of any degree that induce bijections either on µq+1
or between µq+1 and Fq ∪ {∞}. In particular, we generalize results from Zieve.
1. Introduction
Let Fq be the finite field of q elements. A polynomial is said to be a permutation polynomial over
Fq if the associated function induces a one-to-one map from Fq to itself. Over the past decades the
research on permutation polynomials has been intensified due to their applications in many areas
such as coding theory [5] and cryptography [6, 10]. A problem of great interest is to find families of
permutation polynomials over a finite field. For an introduction on the basic properties, constructions
and applications, we refer the reader to [4, 7–9].
For a divisor m ≥ 2 of q − 1, let µm denote the set of m-th roots of unity in Fq. Recently, many
authors have used the following criterion, due to Tucker and Zieve [11], to determine whether or not
a polynomial permutes Fq.
Theorem 1.1. Let h ∈ Fq[x] and integers d, r > 0 such that d | (q − 1). Then xrh(xd) permutes Fq
if and only if (r, d) = 1 and xrh(x)d permutes µ(q−1)/d.
This method relies on polynomials permuting µm for certain values of m. In [12] Zieve introduces
a variant of this approach based on functions that are induced by rational functions that permute
µm. He completely classifies all degree-one rational functions over Fq that are bijections µq+1 → µq+1
and µq+1 → Fq ∪ {∞}; here µq+1 is the set of (q + 1)-th roots of unity in Fq2 . As a consequence, he
obtains the following classes of permutation polynomials over Fq2.
Theorem 1.2. Let n > 0 and k ≥ 0 be integers, and let β, γ ∈ Fq2 satisfy βq+1 = 1 and γq+1 6= 1.
Then
xn+k(q+1)((γxq−1 − β)n − γ(xq−1 − γqβ)n)
permutes Fq2 if and only if (n + 2k, q − 1) = 1 and (n, q + 1) = 1.
Theorem 1.3. Let n > 0 and k ≥ 0 be integers, and let β, δ ∈ Fq2 satisfy βq+1 = 1 and δ /∈ Fq.
Then
xn+k(q+1)((δxq−1 − βδq)n − δ(xq−1 − β)n)
permutes Fq2 if and only if (n(n + 2k), q − 1) = 1.
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In this work we present the notion of a pair of polynomials (L,M) being β-associated in Fq2[x]
where L and M have the same degree. A similar concept is that of L being (β, t)-self-associated.
Our key observation is that the degree-one rational functions L/M that are bijections µq+1 → µq+1
are such that (L,M) is β-associated. In addition, the degree-one rational functions L/M that are
bijections µq+1 → Fq ∪ {∞} are such that L and M are (β, t)-self-associated. By investigating β-
associated polynomials and (β, t)-self-associated-polynomials of degree greater than one in Fq2[x],
we are able to extend Theorems 1.2 and 1.3. In addition, we construct several new families of
permutation polynomials arising from degree-n rational functions with n > 1.
We use a standard approach to verify that a certain rational function satisfies a permuting condi-
tion. More specifically, in order to check that a rational function F induces a bijection on µq+1, we
consider the plane algebraic curve of affine equation
CF : F (x)− F (y)
x− y = 0.
Then F permutes µq+1 if and only if CF has no points (a, b) ∈ µ2q+1 with a 6= b. We follow a similar idea
when we require a bijection between µq+1 and Fq ∪ {∞}. An effective method to check the existence
of those particular Fq2-rational points is to determine the absolutely irreducible components of CF ;
see [1, 2].
Our paper is organized in the following way. In Section 2 we introduce the idea of β-associated
and (β,t)-self-associated for polynomials in Fq2 [x]. We list some immediate properties that we use
throughout the paper. In Sections 3 and 5 we present our generalizations of Theorems 1.2 and 1.3,
respectively; see Theorems 3.1 and 5.1. Our results are followed by several explicit constructions of
polynomials that can be used to form new classes of permutation polynomials over Fq2 . In Section 4 we
provide a generalization of our own results for other extension fields, Fqk , leading to new permutation
polynomials over Fq3 .
2. β-associated polynomials
In [12] Zieve describes precisely the degree-one rational functions over Fq that are bijections when
restricted to µq+1 → µq+1 and µq+1 → Fq ∪ {∞}.
Proposition 2.1. Let ℓ ∈ Fq(x) be a degree-one rational function. Then ℓ induces a bijection on
µq+1 if and only if ℓ equals either β/x with β ∈ µq+1 or (x − γqβ)/(γx − β) with β ∈ µq+1 and
γ ∈ Fq2 \ µq+1.
Proposition 2.2. Let ℓ ∈ Fq(x) be a degree-one rational function. Then ℓ induces a bijection from
µq+1 to Fq ∪ {∞} if and only if ℓ(x) = (ρx+ ρq)/(ǫx+ ǫq) for some ρ, ǫ ∈ F ∗q2 satisfying ρq−1 6= ǫq−1.
We note that the rational functions L/M that appear in Propositions 2.1 and 2.2 satisfy the
identity,
Lq = βx−1M
for every x ∈ µq+1 and some β ∈ Fq2 . This observation is key to our work. By considering polynomials
L and M of any degree rather than one only, we introduce the following.
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Definition 2.3. Let L,M ∈ Fq2 [x] be distinct polynomials of the same degree, and let β ∈ µq+1. When
Lq = βx− deg(L)M for every x ∈ µq+1, we say that L and M are β-associated and write L ∼β M .
When Lq = βx−tL for every x ∈ µq+1 and some t ∈ N, we say that L is (β, t)-self-associated and
write L ∼β,t L.
One can see that associated polynomials satisfy some straightforward properties.
Lemma 2.4. (i) If L ∼β M then M ∼β L.
(ii) If L ∼β M and M ∼γ N then LM ∼βγ MN .
(iii) If L ∼β M then Ln ∼βn Mn for any positive integer n.
(iv) If L is a self-reciprocal polynomial over Fq then L ∼1,degL L.
In the next sections we will exhibit several examples of associated polynomials of degree greater
than one. Before we present them, we will set one more notation. Suppose that L,M,N ∈ Fq2[x]
with L and M of the same degree. We define the polynomial
N • L/M := Mdeg(N)N (L/M)
whose degree is deg(M) · deg(N).
Proposition 2.5. If L ∼β M and L˜ ∼γ M˜ then L • L˜/M˜ ∼βγdeg(L) M • L˜/M˜.
Proof. Let L =
deg(L)∑
i=0
aix
i. Then
(1)
(
L • L˜/M˜
)q
=
(
M˜deg(L)L
(
L˜/M˜
))q
=
deg(L)∑
i=0
aqi (L˜
q)i(M˜ q)deg(L)−i.
We now assume that x ∈ µq+1. Since L ∼β M , we have that M = β−1
deg(L)∑
i=0
aqix
deg(L)−i, and so
(2) M
(
L˜/M˜
)
= β−1
deg(L)∑
i=0
aqi
(
L˜/M˜
)deg(L)−i
=⇒ βM˜deg(L)M
(
L˜/M˜
)
=
deg(L)∑
i=0
aqi L˜
deg(L)−iM˜ i.
By substituting
L˜q = γx− deg(L˜)M˜ and M˜ q = γx− deg(L˜)L˜
into (1) and then using (2), it follows that
(
L • L˜/M˜
)q
= γdeg(L)x− deg(L) deg(L˜)
deg(L)∑
i=0
aqi L˜
deg(L)−iM˜ i
= βγdeg(L)x− deg(L) deg(L˜)M˜deg(L)M
(
L˜/M˜
)
= βγdeg(L)x− deg(L) deg(M˜)M • L˜/M˜.

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3. Permutation polynomials from bijections on µq+1
We start this section by extending Theorem 1.2.
Theorem 3.1. Let L,M ∈ Fq2[x] and β ∈ µq+1 be such that L ∼β M . Let k ≥ 0 be an integer. Then
xdeg(L)+k(q+1)M(xq−1) permutes Fq2 if and only if (deg(L) + 2k, q − 1) = 1 and L/M permutes µq+1.
Proof. We apply Theorem 1.1. First, we notice that the conditions (deg(L) + k(q + 1), q − 1) = 1
and (deg(L) + 2k, q − 1) = 1 are equivalent. For x ∈ µq+1, we obtain that
xdeg(L)+k(q+1)M q−1 = xdeg(L)M q/M = βxdeg(L)x− deg(L)L/M = βL/M.
Since β ∈ µq+1, the claim follows. 
A similar criterion involving self-associated polynomials is the following.
Theorem 3.2. Let L ∈ Fq2[x], β ∈ µq+1 and t ∈ N be such that L ∼β,t L. Let k, s ≥ 0 be integers.
Then xs+k(q+1)L(xq−1) permutes Fq2 if and only if (s− t, q + 1) = 1, (s+ k(q + 1), q− 1) = 1, and L
has no roots in µq+1.
Proof. We apply Theorem 1.1. For x ∈ µq+1, we obtain that
xs+k(q+1)Lq−1 = xsLq/L = βxs−t.
Since β ∈ µq+1 and (s− t, q + 1) = 1, the claim follows. 
Now we will show how we can derive Theorem 1.2 from Theorem 3.1.
Proof of Theorem 1.2. Let β ∈ µq+1 and γ ∈ F∗q2 \ µq+1. Suppose that (n + 2k, q − 1) = 1 and
(n, q + 1) = 1. Consider L(x) = x− γqβ and M(x) = γx− β. Clearly L ∼−1/β M . By Lemma 2.4,
it follows that Mn ∼(−1/β)n Ln. By Proposition 2.1, the rational function L/M permutes µq+1, and
so does Mn/Ln since (n, q + 1) = 1. On the other hand, if ℓ(x) = γx − γ1−q and ℓ˜(x) = x − γ
then ℓ ∼−γq−1 ℓ˜. By Proposition 2.5, we have that ℓ •Mn/Ln ∼−γq−1(−1/β)n ℓ˜ •Mn/Ln. Moreover,
Proposition 2.1 implies that ℓ/ℓ˜ permutes µq+1, and so does the rational function
ℓ •Mn/Ln
ℓ˜ •Mn/Ln
=
ℓ (Mn/Ln)
ℓ˜ (Mn/Ln)
.
Therefore, by Theorem 3.1, the polynomial
xdeg(ℓ˜•M
n/Ln)+k(q+1)(ℓ˜ •Mn/Ln)(xq−1) = xn+k(q+1)
(
Ln · ℓ˜
(
Mn
Ln
))
(xq−1)
= xn+k(q+1) (Mn − γLn) (xq−1)
= xn+k(q+1)((γxq−1 − β)n − γ(xq−1 − γqβ)n)
permutes Fq2 . Conversely, if x
n+k(q+1)((γxq−1 − β)n)− γ(xq−1 − γqβ)n) permutes Fq2 then by Theo-
rem 3.1 we obtain that (n+2k, q− 1) = 1 and ℓ (Mn/Ln)
/
ℓ˜ (Mn/Ln) permutes µq+1. Since ℓ/ℓ˜ and
M/L permute µq+1, the latter condition is true if and only if (n, q + 1) = 1. 
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In the proof above, we use Zieve’s characterization of degree-one rational functions permuting
µq+1. For rational functions of higher degree satisfying the same property, an analogous result
follows, providing another way of constructing permutation polynomials.
Theorem 3.3. Let L,M ∈ Fq2[x] and β ∈ µq+1 be such that L ∼β M . Let k ≥ 0 be an integer and
γ ∈ Fq2 \ µq+1. Then
xn deg(L)+k(q+1)(Ln − γMn)(xq−1)
permutes Fq2 if and only if (deg(L) + 2k, q − 1) = 1, (n, q + 1) = 1 and L/M permutes µq+1.
This result can be proved by replicating our proof of Theorem 1.2 without specifying L and M .
Throughout the remaining of this section, we will mention the polynomials satisfying our permuting
conditions several times. To ease our reference, we call them good polynomials.
Definition 3.4. Let L,M ∈ Fq2 [x] and β ∈ µq+1, and let k, s ≥ 0 and t > 0 be integers. We say
that the pair (L,M) is (β, k)-good if L ∼β M , (deg(L) + 2k, q − 1) = 1 and L/M permutes µq+1.
We say that L is (β, t, k, s)-good if L ∼β,t L, (s− t, q + 1) = 1, (s+ k(q + 1), q − 1) = 1, and L has
no roots in µq+1.
Because the conditions L ∼β M and M ∼β L are equivalent, we can reverse the roles of L and
M in the polynomials that appear in Theorems 3.1 and 3.3. This means that, whenever we have
a pair (L,M) of (β, k)-good polynomials, we assume that the following four classes of permutation
polynomials over Fq2 are automatically produced:
• xdeg(L)+k(q+1)L(xq−1)
• xdeg(L)+k(q+1)M(xq−1)
• xn deg(L)+k(q+1)(Ln − γMn)(xq−1)
• xn deg(L)+k(q+1)(Mn − γLn)(xq−1)
where n ∈ {n ∈ N | (n, q + 1) = 1} and γ ∈ Fq2 \ µq+1. Similarly, whenever we have a polynomial
L that is (β, t, k, s)-good, we assume that the following class of permutation polynomials over Fq2 is
produced:
• xs+k(q+1)L(xq−1).
Proposition 2.1 provides a complete description of all good polynomials of degree one, namely
(x − γqβ, γx − β) is (−β−1, k)-good whenever (2k + 1, q − 1) = 1, β ∈ µq+1 and γ ∈ F∗q2 \ µq+1.
The fourth class of permutation polynomials associated to this pair is the one obtained by Zieve in
Theorem 1.2.
We can also precisely describe the pairs of good polynomials of degree two.
Proposition 3.5. Let L and M be polynomials of degree two over Fq2. Then (L,M) is (β, k)-good
if and only if q is even, (k + 1, q − 1) = 1,
L(x) = (C1 + (i+ 1)C2)x
2 + A1 + (i+ 1)A2 and M(x) = (A1 + iA2)x
2 + C1 + iC2
where each Aj , Cj ∈ Fq, ξ ∈ Fq and i ∈ Fq2 are such that TrFq|F2(ξ) = 1, i2 = i+ ξ,
(A1 + iA2)(C1 + iC2) 6= 0, and A21 + A1A2 + C21 + C1C2 + ξ(A22 + C22 ) 6= 0.
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Proof. Let L(x) = ax2 + bx + c and M(x) = a′x2 + b′x + c′ with a, b, c, a′, b′, c′ ∈ Fq2 and a, a′ 6= 0.
Suppose that (L,M) is (β, k)-good. Since (2(k + 1), q − 1) = 1, we must have that q is even. Since
L and M are β-associated, we have that for all x ∈ µq+1
Lq = x−2(aq + bqx+ cqx2) = βx−2(a′x2 + b′x+ c′) =⇒ (aq, bq, cq) = β(c′, b′, a′).
Since iq = i+ 1, we can assume that
L(x) = (C1 + (i+ 1)C2)x
2 + (B1 + (i+ 1)B2)x+ A1 + (i+ 1)A2 and
M(x) = β((A1 + iA2)x
2 + (B1 + iB2)x+ C1 + iC2)
for some Ai, Bi, Ci ∈ Fq.
To show that L/M permutes µq+1, we consider the curve CM associated withM given by (L(x)M(y)−
L(y)M(x))/(x− y) = 0, that is,
α1xy + α2(x+ y) + α
q
1 = 0
where
α1 = A1B1 + A1B2 +B1C1 +B1C2 + i(A1B2 + A2B1 +B1C2 +B2C1) + ξ(A2B2 +B2C2)
and
α2 = A
2
1 + A1A2 + C
2
1 + C1C2 + ξ(A
2
2 + C
2
2).
We note that αq2 = α2. If α1 = 0 and α2 6= 0, then x = y, and so L/M permutes µq+1. On the other
hand, if α1 6= 0 then for x ∈ µq+1 we have
y =
α2x+ α
q
1
α1x+ α2
where yq =
α2 + α1x
αq1 + α2x
=
1
y
,
which means that the curve CM has points in µ2q+1. Consequently, L/M does not permute µq+1.
Suppose that α1 = 0 and α2 6= 0. If B2 6= 0, then from
A2B2 +B2C2 = 0 and A1B2 + A2B1 +B1C2 +B2C1 = 0
we have that A2 = C2 and A1 = C1, and thus, α2 = 0, a contradiction. A similar argument holds if
B2 = 0 and B1 6= 0. So B1 = B2 = 0. In this case, the polynomial
M(x) = β((A1 + iA2)x
2 + C1 + iC2)
has a unique root, which belongs to µq+1 if and only if(
C1 + iC2
A1 + iA2
)q
=
A1 + iA2
C1 + iC2
.
This is equivalent to (C1 + iC2 + C2)(C1 + iC2) = (A1 + iA2 + A2)(A1 + iA2), that is, α2 = 0, a
contradiction. Hence M(x) 6= 0 for every x ∈ µq+1. 
In the next results we show more examples of good polynomials.
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Proposition 3.6. Let q be odd, k ≥ 0 be an integer and i ∈ Fq2 be such that 3 ∤ (q+1), (3+2k, q−1) =
1 and iq = −i. If
L(x) = −A1x3 + (−3A1 +B1 − iB2)x2 + (B1 − iB2)x+ A1 and
M(x) = A1x
3 + (B1 + iB2)x
2 + (−3A1 +B1 + iB2)x− A1
with A1, B1, B2 ∈ Fq and A1(3A1 − 2B1) 6= 0, then (L,M) is (1, k)-good.
Proof. By the condition iq = −i, we get that L ∼1 M . The function L/M permutes µq+1 since the
curve given by (L(x)M(y)− L(y)M(x))/(x− y) = 0 factors as
A1(3A1 − 2B1)(xy + y + 1)(xy + x+ 1) = 0.
The component xy + y + 1 = 0 has points in µ2q+1 if and only if T
2 + T + 1 has roots in µq+1. This
cannot happen since 3 ∤ (q + 1). Therefore, the polynomial M has as a root ξ in µq+1 if and only if
M(ξ) = L(ξ), which is equivalent to A31(3A1 − 2B1)3 = 0, a contradiction. 
Example 3.7. In the proofs of [3, Theorems 3.4 and 3.6] there are reciprocal polynomials L and M
of degree three over Fq2 such that (L,M) is (β, k)-good, (3+2k, q−1) = 1 and L has no root in µq+1.
Proposition 3.8. Let q be even, and k, s ≥ 0 be integers such that (s− q, q+ 1) = 1 and (s+ k(q +
1), q − 1) = 1. Consider
L(x) =
⌊(q−1)/2⌋∑
i=0
(aix
i + aqix
q−i)
in Fq2 [x] such that L(x) 6= 0 for any x ∈ µq+1. Then L is (1, q, k, s)-good.
Proof. The requirements, (s− q, q + 1) = 1 and (s+ k(q + 1), q− 1) = 1, immediately yield that q is
even. For x ∈ µq+1, we compute
Lq =
⌊(q−1)/2⌋∑
i=0
(aqix
qi + aix
q(q−i)) = x−q
⌊(q−1)/2⌋∑
i=0
(aqix
q−i + aixi) = x−qL.
Hence L ∼1,q L and the claim follows. 
Example 3.9. Let q be even. Consider h(x) = axi + aqxq−i over Fq2 with (2i + 1) | (q + 1) and
a(q
2−1)/(2i+1) 6= 1. A nonzero root x of h satisfies aq−1xq−2i = 1. It belongs to µq+1 if and only if
x2i+1 = x2i−q or x2i+1 = aq−1. Hence
1 = xq+1 =
(
x2i+1
) q+1
2i+1 =
(
aq−1
) q+1
2i+1 = a
q2−1
2i+1 6= 1,
a contradiction. Under the gcd requirements from Proposition 3.8, (s− q, q + 1) = 1 and (s+ k(q +
1), q − 1) = 1, we conclude that h is (1, q, k, s)-good.
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4. Permutation polynomials from bijections on µqk−1+···+q+1
There is a natural way to extend Theorems 3.1 and 3.2 for k ≥ 2. We write qk−1 = (q−1)(qk−1+
· · ·+ q + 1) and consider µqk−1+···+q+1 = {x ∈ Fqk | xqk−1+···+q+1 = 1}.
Theorem 4.1. Let k ≥ 2 be an integer. Suppose that L,M ∈ Fqk [x] and β ∈ µqk−1+···+q+1 are such
that M q = βx− deg(L)L for any x ∈ µqk−1+···+q+1. Then xdeg(L)+k(qk−1+···+q+1)M(xq−1) permutes Fqk if
and only if (deg(L) + k(qk−1 + · · ·+ q + 1), q − 1) = 1 and L/M permutes µqk−1+···+q+1.
Proof. We apply Theorem 1.1. For x ∈ µqk−1+···+q+1, we obtain that
xdeg(L)+k(q
k−1+···+q+1)M q−1 = xdeg(L)M q/M = βxdeg(L)x− deg(L)L/M = βL/M.
The claim now follows as β ∈ µqk−1+···+q+1. 
Theorem 4.2. Let k ≥ 2, s ≥ 0 be integers, β ∈ µqk−1+···+q+1, and L ∈ Fqk [x] be such that
Lq = βx−tL for some fixed integer t. Then xs+k(q
k−1+qk−2+···+q+1)L(xq−1) permutes Fqk if and only if
(s− t, qk−1 + · · ·+ q + 1) = 1, (s+ k(q + 1), q − 1) = 1, and L has no roots in µqk−1+···+q+1.
Proof. We apply Theorem 1.1. For x ∈ µqk−1+···+q+1, we obtain that
xs+k(q
k−1+···+q+1)Lq−1 = xsLq/L = βxs−t.
Since β ∈ µqk−1+···+q+1 and (s− t, qk−1 + · · ·+ q + 1) = 1, the claim follows. 
Next we show a class of polynomials that can be used to construct permutation polynomials using
Theorem 4.2.
Proposition 4.3. Let 0 < j ≤ k ≤ q/3. For A ∈ Fq3 and B ∈ Fq, the polynomial
LA,B(x) = Ax
3kq+3j +Bx(k+j)q+2j−k + Aqx3jq+3j−3k + Aq
2
satisfies LqA,B = x
−3kq−3jLA,B for every x ∈ µq2+q+1.
Proof. We observe that 1 < (k+ j)q+ 2j − k, 3jq+ 3j − 3k < 3kq +3j ≤ q2 + q.For x ∈ µq2+q+1, we
have that
LqA,B = A
qx3kq
2+3jq +Bx(k+j)q
2+(2j−k)q + Aq
2
x3jq
2+(3j−3k)q + A
=
Aqx3kq
2+3jq+3kq+3j +Bx(k+j)q
2+(2j−k)q+3kq+3j + Aq
2
x3jq
2+(3j−3k)q+3kq+3j + Ax3kq+3j
x3kq+3j
=
Aqx3jq+3j−3k +Bx(k+j)q+2j−k + Aq
2
+ Ax3kq+3j
x3kq+3j
=
LA,B
x3kq+3j
.

Consider the following number R.
R =5441
5676365797077637141450586653222239320299764938998099705894071352243683085327110128286703483238476973397002404
6336959383040020572535656462087700990144448533299525758921522351819247209622176668910816961864549530309479655
8944772731555018237185037053331470731435723299754298878959745419466062019178032287477005478718395309071239879
9512272244940182092323063835500724103308099775996494047115010379686917413489292225619989289985558426384102396
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0242491499439231026956456844274382784161805452560664946999045428509995577306871121110395588039150140763221275
8254726926983058860397893644379710130686641078337368194371747751808789029762359209804585376900978052798695554
9717105377303966806014138301988303903745229199508482837237155735526437742147986415584307271942779370464042363
4291632504052005616026693998097888408809903568049767905049020272041868743359931306317006104083213066173082930
6547227028646224916826046697643250240184194946963570860743922536593958949634787363676767604817788439890772475
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Proposition 4.4. Let q = ph ≡ 1 (mod 3), p ∤ R, and consider B ∈ Fq satisfying B2 − 3B + 9 = 0.
Then L1,B has no roots in µq2+q+1. Furthermore, the polynomial x
s+k(qk−1+···+q+1)L(xq−1) permutes
Fq3 for any k, s ≥ 0 such that (s− (3kq + 3j), q2 + q + 1) = 1 and (s+ k(q2 + q + 1), q − 1) = 1.
Proof. Let s be a noncube in Fq and k = s
(q−1)/3. Then {1, ξ, ξ2} with ξ3 = s is a basis of Fq3 over
Fq. We note that k
2 + k + 1 = 0, and so B = −3k or −3k2. An element x = x0 + x1ξ + x2ξ2 with
x0, x1, x2 ∈ Fq belongs to µq2+q+1 if and only if s2x32 − 3sx0x1x2 + sx31 + x30 = 0. On the other hand,
L1,−3k(x) = 0 if and only if α2ξ2 + α1ξ + α0 = 0 where
α0 = 3ks
2x32 − 3kx30 + s4x62 + 3s3x0x1x42 − 7s3x31x32 − 7s2x30x32 + 9s2x20x21x22 + 3s2x0x41x2 + s2x61
+4s2x32 + 3sx
4
0x1x2 − 7sx30x31 + 6sx0x1x2 − 2sx31 + x60 + x30 + 1,
α1 = 3ks
3x0x
5
2 − 6ks3x21x42 + 3ks2x20x1x32 + 3ks2x0x31x22 + 3ks2x51x2 − 6ksx40x22
+3ksx30x
2
1x2 − 6ksx20x41 + 6ksx0x22 − 3ksx21x2 + 3kx50x1 + 6kx20x1 + 3s3x0x52 − 6s3x21x42
+3s2x20x1x
3
2 + 3s
2x0x
3
1x
2
2 + 3s
2x51x2 − 6sx40x22 + 3sx30x21x2 − 6sx20x41 − 3sx0x22 − 3sx21x2
+3x50x1 + 6x
2
0x1,
α2 = −3ks3x1x52 + 6ks2x20x42 − 3ks2x0x21x32 + 6ks2x41x22 − 3ksx30x1x22 − 3ksx20x31x2
−3ksx0x51 − 6ksx1x22 − 3kx50x2 + 6kx40x21 − 6kx20x2 + 3kx0x21 − 9x20x2.
By using that α0 = α1 = α2 = 0 and s
2x32−3sx0x1x2+sx31+x30 = 0, and by eliminating x1, x2, x3, we
obtain that s = 0, which is impossible. A similar argument holds for B = −3k2. The computations
are done in MAGMA. 
5. Permutation polynomials from bijections between µq+1 and Fq ∪ {∞}
We define the image of H(x) =
∑n
i=0 αix
i ∈ Fq2 [x] under the Frobenius map σ of Fq by Hσ(x) =∑n
i=0 α
q
ix
i. Our generalization of Theorem 1.3 is the following.
Theorem 5.1. Let H,L,M ∈ Fq2[x] be such that H is monic of degree n, and L, M are (β, d)-self-
associated.Suppose that
(i) L/M is a bijection from µq+1 into Fq ∪ {∞},
(ii) the algebraic curve
∏
ξ∈Fq(H(x) − ξH(y)) has no affine Fq-rational points off the line x = y,
and
(iii) Hσ −H has no roots in Fq.
For any integer k ≥ 0, the polynomial xdn+k(q+1)(H • L/M)(xq−1) permutes Fq2 if and only if (dn+
k(q + 1), q − 1) = 1.
Proof. By Theorem 1.1, the polynomial xdn+k(q+1)(H •L/M)(xq−1) permutes Fq2 if and only if (dn+
k(q + 1), q − 1) = 1 and xdn+k(q+1) (H • L/M)q−1 permutes µq+1. Suppose that H(x) =
∑n
i=0 αix
i
with αn = 1. We observe that the polynomial
H • L/M =
n∑
i=0
αiL
iMn−i
has no roots in µq+1. In fact, say that r ∈ µq+1 is a root of H •L/M . IfM(r) = 0 then αn = 1 implies
that L(r) = 0, which is not possible since L and M have no common roots in µq+1. If M(r) 6= 0 then
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L(r)/M(r) is a root ofH in Fq that satisfies 0 = H(L(r)/M(r)) = H(L(r)/M(r))
q = Hσ(L(r)/M(r)),
which gives another contradiction by (iii). In order to show that xdn+k(q+1) (H • L/M)q−1 permutes
µq+1, take x ∈ µq+1. Using that M q = βx−dM and Lq = βx−dL, we can rewrite the latter polynomial
as
xdn+k(q+1)
(H • L/M)q
H • L/M = x
dn
∑n
i=0 α
q
iL
qiM q(n−i)∑n
i=0 αiL
iMn−i
= xdn
∑n
i=0 α
q
iβ
nx−dnLiMn−i∑n
i=0 αiL
iMn−i
= βn
∑n
i=0 α
q
iL
iMn−i∑n
i=0 αiL
iMn−i
= βn
∑n
i=0 α
q
i (L/M)
i∑n
i=0 αi(L/M)
i
= βn
(H(L/M))q
H(L/M)
where the last step follows from (i). We aim now to show that there is no pair (x, y) ∈ µ2q+1 such
that x 6= y and (
H
(
L(x)
M(x)
))q−1
=
(
H
(
L(y)
M(y)
))q−1
.
Let z = L(x)/M(x) and w = L(y)/M(y). If z and w are both in Fq, then
(H(z))q−1 = (H(w))q−1 ⇐⇒ ∃ ξ ∈ Fq : H(z) = ξH(w),
which is not possible by (ii). By (i), it remains to consider z =∞. If w =∞ then x = y. If w ∈ Fq
then Hσ(w) = (H(w))q = H(w), a contradiction by (iii). 
We now prove Theorem 1.3 using Theorem 5.1.
Proof of Theorem 1.3. Consider L(x) = δx−βδq andM(x) = x−β where β ∈ µq+1 and δ ∈ Fq2\Fq.
Clearly, L and M are (−β−1, 1)-self-associated. By setting −β = ǫ and using Lemma 2.2, we see
that L/M = (δǫx + (δǫ)q)/(ǫx + ǫq) is a bijection from µq+1 to Fq ∪ {∞}. Let H(x) = xn − δ. We
have that
∏
ξ∈Fq(H(x)− ξH(y)) =
∏
ξ∈Fq(x
n − ξyn − δ + ξδ) has no affine F2q-rational points off the
line x = y if and only if (n, q − 1) = 1. In fact, this is true when ξ 6= 1 since δ /∈ Fq. If ξ = 1 then
xn − yn = 0 has F2q-rational points off the line x = y if and only if (n, q − 1) > 1. Furthermore, the
polynomial ϕ(x) = (−δ)q − δ is nonzero since δ /∈ Fq. We conclude that
xn+k(q+1)M(xq−1)nH
(
L(xq−1)
M(xq−1)
)
= xn+k(q+1)M(xq−1)n
(
L(xq−1)n
M(xq−1)n
− δ
)
= xn+k(q+1)
(
L(xq−1)n − δM(xq−1)n)
= xn+k(q+1)
(
(δxq−1 − βδq)n − δ(xq−1 − β)n)
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permutes Fq2 if and only if (n, q − 1) = 1 and (n + k(q + 1), q − 1) = 1. The latter condition is
equivalent to (n(n + 2k), q − 1) = 1. 
We can obtain more families of permutation polynomials over Fq2 by applying Theorem 5.1 with
other polynomials H .
Corollary 5.2. Let f, g ∈ Fq[x] be monic polynomials such that f has degree n− 1 with no roots in
Fq and g permutes Fq. Let γ ∈ F∗q2 be such that γq = −γ. Then the polynomial H = gf−γf satisfies
the following conditions:
(i)
∏
ξ∈Fq(H(x)− ξH(y)) has no Fq-rational points off the line x = y and
(ii) Hσ −H has no roots in Fq.
Proof. The polynomial Hσ(T )−H(T ) = (g(T )f(T ) + γf(T ))− (g(T )f(T )− γf(T )) = 2γf(T ) has
no roots in Fq, by hypothesis. Also, H = (g − γ)f . If ξ = 0 then H(x) − ξH(y) = 0 gives that
H(x) = 0 and it has no roots in Fq. If ξ 6= 0 then
H(x)− ξH(y) = 0 ⇐⇒ g(x)f(x)− γf(x) = ξ(g(y)yf(y)− γf(y)).
Raising both sides to the power q yields that g(x)f(x) + γf(x) = ξ(g(y)f(y) + γf(y)), which is
equivalent to g(x)f(x) = ξg(y)f(y) and f(x) = ξf(y). Since f(x) and f(y) cannot be zero for
x, y ∈ Fq, we obtain that g(x) = g(y). This implies that x = y since g permutes Fq. 
Note that we cannot find self-associated polynomials of degree two over Fq satisfying the conditions
in Corollary 5.2. In fact, such a polynomial would have only one root in µq+1 as if it has one root in
µq+1, then the other one also belongs to µq+1.
Example 5.3. Let q = p2n+1 where p ≡ 7, 17, 23 or 33 (mod 40). Consider α ∈ µq+1 such that
α2−3α+1 = 0, i.e. α = 3±
√
5
2
. It is easily seen that
√
α /∈ µq+1 since 5 is not a square in Fq (p ≡ ±2
(mod 5)). Also, α is a square in Fq such that
√
α /∈ µq+1 since 2 is a square in Fq (p ≡ ±1 (mod 8)).
The polynomials L(x) = (x − α)(αx2 − 1) and M(x) = (αx− 1)(x2 − α) are (α2, 3)-self-associated,
and clearly L/M is a bijection from µq+1 to Fq ∪ {∞}. The curve associated with L/M splits as
(xy − y + 1)(xy + x+ 1). The components do not have points in µ2q+1.
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